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Worldlines and worldsheets

[Borgia + 9; 1971]

[Klemt, Metsch; 2012]



Scattering processes
Cannot use

H =
N∑
i=1

p̂2i
2mi

+
∑
i<j

V (xi , xj)

Consider relativistic free particle

S = −m0

∫
dτ

√
ẋµẋµ

S =
1

2

∫
dτe−1ẋ2 − em2

0

→
∫

dτ
1

4
ẋ2 −m2

0

Can build amplitude out of [Feynman; 1950]

Dyz =

∫ ∞

0

dT

∫ x(T )=z

x(0)=y

Dx e−S =

∫ ∞

0

dT (4πT )−
d
2 e−m2

0T− (y−z)2

4T
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ẋµẋµ
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Working with fields
A field theory for this is

S =

∫
dx

1

2
∂µϕ∂

µϕ+
1

2
m2

0ϕ
2 +

1

2
∂µΦ∂

µΦ+
1

2
M2

0Φ
2 + g0ϕ

2Φ

Free EOM is ∂2ϕ+m2
0ϕ = 0 and same for Φ so

ϕ(x , t) =
∑
p

Cpe
i(p·x−

√
p2+m2

0t) + C ∗
p e

−i(p·x−
√

p2+m2
0t)
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Now evolve with U = T exp
(
−i

∫∞
−∞ dt Hint

)
to get

A = ⟨0| ap4ap3 exp
(
g0

∫
dx ϕ2Φ

)
a†p2a

†
p1 |0⟩

≈ g2
0

∫
dxdy ⟨0| ap4ap3ϕ2Φ(x)ϕ2Φ(y)a†p2a

†
p1 |0⟩

= g2
0

∫
dxdy ⟨ap4ϕ(x)⟩ ⟨ap3ϕ(x)⟩ ⟨Φ(x)Φ(y)⟩

〈
ϕ(y)a†p2

〉〈
ϕ(y)a†p1

〉
= g2

0

∫
dp e ip·(x−y) 1

p2 +M2
0
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Massless particles with spin

As a bispinor pαα̇ = λαλ̄α̇ so use

⟨ij⟩ = λiαλjβϵ
αβ, [ij ] = λ̄iα̇λ̄j β̇ϵ

α̇β̇

Use dimensional analysis, λ→ tλ, λ̄→ t−1λ̄ and

ε+αα̇ =
ηαλ̄α̇
⟨ηλ⟩

, ε−αα̇ =
λαη̄α̇[
λ̄η̄

]
to bootstrap amplitudes. 3 points, have only ⟨ij⟩ or only [ij ].

A(1−h, 2−h, 3+h) =
⟨12⟩3h

⟨23⟩h ⟨31⟩h
, A(1+h, 2+h, 3−h) =

[12]3h

[23]h [31]h

With 4 points, factorization lims→0 sA4 = A3A3 restricts helicity!



Massless particles with spin

As a bispinor pαα̇ = λαλ̄α̇ so use

⟨ij⟩ = λiαλjβϵ
αβ, [ij ] = λ̄iα̇λ̄j β̇ϵ

α̇β̇

Use dimensional analysis, λ→ tλ, λ̄→ t−1λ̄ and

ε+αα̇ =
ηαλ̄α̇
⟨ηλ⟩

, ε−αα̇ =
λαη̄α̇[
λ̄η̄

]
to bootstrap amplitudes.

3 points, have only ⟨ij⟩ or only [ij ].

A(1−h, 2−h, 3+h) =
⟨12⟩3h

⟨23⟩h ⟨31⟩h
, A(1+h, 2+h, 3−h) =

[12]3h

[23]h [31]h

With 4 points, factorization lims→0 sA4 = A3A3 restricts helicity!



Massless particles with spin

As a bispinor pαα̇ = λαλ̄α̇ so use

⟨ij⟩ = λiαλjβϵ
αβ, [ij ] = λ̄iα̇λ̄j β̇ϵ

α̇β̇

Use dimensional analysis, λ→ tλ, λ̄→ t−1λ̄ and

ε+αα̇ =
ηαλ̄α̇
⟨ηλ⟩

, ε−αα̇ =
λαη̄α̇[
λ̄η̄

]
to bootstrap amplitudes. 3 points, have only ⟨ij⟩ or only [ij ].

A(1−h, 2−h, 3+h) =
⟨12⟩3h

⟨23⟩h ⟨31⟩h
, A(1+h, 2+h, 3−h) =

[12]3h

[23]h [31]h

With 4 points, factorization lims→0 sA4 = A3A3 restricts helicity!



Massless particles with spin

As a bispinor pαα̇ = λαλ̄α̇ so use

⟨ij⟩ = λiαλjβϵ
αβ, [ij ] = λ̄iα̇λ̄j β̇ϵ

α̇β̇

Use dimensional analysis, λ→ tλ, λ̄→ t−1λ̄ and

ε+αα̇ =
ηαλ̄α̇
⟨ηλ⟩

, ε−αα̇ =
λαη̄α̇[
λ̄η̄

]
to bootstrap amplitudes. 3 points, have only ⟨ij⟩ or only [ij ].

A(1−h, 2−h, 3+h) =
⟨12⟩3h

⟨23⟩h ⟨31⟩h
, A(1+h, 2+h, 3−h) =

[12]3h

[23]h [31]h

With 4 points, factorization lims→0 sA4 = A3A3 restricts helicity!



Allowed spacetime symmetries
QFT in d > 2 with scattering has only Poincaré [Coleman, Mandula; 1967]

pµ1 p
ν
1 + pµ2 p

ν
2 ∝ ⟨p1|Qµν |p1⟩+ ⟨p2|Qµν |p2⟩

= ⟨p1, p2|Qµν |p1, p2⟩
= ⟨q1, q2|Qµν |q1, q2⟩
= ⟨q1|Qµν |q1⟩+ ⟨q2|Qµν |q2⟩ ∝ qµ1 q

ν
1 + qµ2 q

ν
2

Way out is d = 2 or super/conformal symmetry... or both [Nahm; 1978]

6D ⇒ osp(8∗|N ), N = 1, 2

5D ⇒ f(4)

4D ⇒ su(2, 2|N ), N = 1, . . . , 4

3D ⇒ osp(N|4), N = 1, . . . , 8

Many charges in 2D which generate z 7→ z + ϵzn+1:

[Lm, Ln] = (m − n)Lm+n +
c

12
n(n2 − 1)δm+n,0
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Ways to get a conformal theory

S =

∫
d4x

1

2
(∂ϕ)2 +

g0
4!
ϕ4

β(g) ≡ dg

dµ
=

3g2

(4π)2 g

β(
g)

• One-loop diagram F is a divergent function of g0.

• In turn, make g0 a divergent function of g to cancel infinities.

• Resulting function F (g(µ), µ) must be independent of µ.
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S =
1

4πα′

∫
d2z ηµν∂αXµ∂βXνg

αβ
This 1 + 1D QFT with d
fields gives J ∝ M2.
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ρ + ∂ρ∂σGµν(x0)δX

ρδX σ + . . .

Vanishing beta gives relations like Rµν = 0.
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Scattering strings instead of particles
Path integrate over manifolds, not just metrics:

A =
∑
top

∫
DXDg e−S−λStop . . .

Stop =
1

4π

∫
d2z

√
gR ≡ χ ≡ 2− 2g

+ + + ...

Many fermions with λ
N (ψ̄ψ)

2 reveals surprise [Gross, Neveu; 1974] :

S =

∫
d2z ψ̄γµ∂µψ − N

2λ
σ2 + σψ̄ψ → NTr log(1− σ∂−2σ) +

∫
d2z

N

λ
σ2

Large N YM also gives hints that string theory is a QFT [’t Hooft; 1974] .
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Anti-de Sitter space
Isometry group SO(d + 1, 1) is also conformal group.

AdSd+1:
−X 2

0 + X 2
1 + . . .X 2

d+1 = −L2
CFTd :
−P2

0 + P2
1 + · · ·+ P2

d+1 = 0

Poincaré (X0,Xµ,Xd+1) =

L
(
1+x2+z2

2z ,
xµ
z ,

1−x2−z2

2z

)
ds2 = L2

z2

(
dz2 + dxµdx

µ
)

Poincaré (P0,Pµ,Pd+1) =(
1+x2

2 , xµ,
1−x2

2

)
O(P) = λ∆O(P/λ)

• Casimir with eigenvalue ∆(∆− d) is (PA∂B − PB∂A)
2.

• Laplacian in (∂2 +m2)Φ = 0 is (XA∂B − XB∂A)
2.

• Green’s function with X and P points gives bulk-bulk and
bulk-boundary propagators leading to CFT correlators.
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Poincaré (P0,Pµ,Pd+1) =(
1+x2

2 , xµ,
1−x2

2

)
O(P) = λ∆O(P/λ)

• Casimir with eigenvalue ∆(∆− d) is (PA∂B − PB∂A)
2.

• Laplacian in (∂2 +m2)Φ = 0 is (XA∂B − XB∂A)
2.

• Green’s function with X and P points gives bulk-bulk and
bulk-boundary propagators leading to CFT correlators.



Have fun exploring!


