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The model

_ 0igj
Hiri = JZ i — j|d+s
i#j

Second-order phase transition in 1 < d < 4 [pyson; 69] .

Possible to study with a ¢* interaction [Fisher, Ma, Nickel; 72] .

Critical exponents depend non-trivially on s for < S5 < S, [Sak; 73] .

MC estimates in 1D and 2D [Angelini, Parisi, Ricci-Tersenghi; 1401.6805] .

Fixed point iS conformal [Paulos, Rychkov, van Rees, Zan; 1509.00008] .
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e Second-order phase transition in 1 < d < 4 [pyson; 69] .
e Possible to study with a ¢* interaction [Fisher, Ma, Nickel; 72 .
e Critical exponents depend non-trivially on s for < S5 < S, [Sak; 73] .
o MC estimates in 1D and 2D [angelini, Parisi, Ricci-Tersenghi; 1401.6805]
L] Fixed point iS conformal [Paulos, Rychkov, van Rees, Zan; 1509.00008] .

RG approaches to this critical point involve a fractional derivative:
°O(x) = [ %dy in position space,
0“O(k) = |k|*O(k) in momentum space.
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The model

_ 0igj
Hiri = JZ i — j|d+s
i#j

Second-order phase transition in 1 < d < 4 [pyson; 69] .

Possible to study with a ¢* interaction [Fisher, Ma, Nickel; 72] .

Critical exponents depend non-trivially on s for < S5 < S, [Sak; 73] .

MC estimates in 1D and 2D [Angelini, Parisi, Ricci-Tersenghi; 1401.6805] .

Fixed point iS conformal [Paulos, Rychkov, van Rees, Zan; 1509.00008] .

RG approaches to this critical point involve a fractional derivative:
°O(x) = [ %dy in position space,

0“O(k) = |k|*O(k) in momentum space.

This is the shadow transform if a = d — 2A.
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Continuum description

1 A
Sildl = [ 560% + rotax

e Local operator spectrum has no stress tensor.

e 51[¢] lets observables be expanded in ¢ = 2s — d.

e Do this in fixed dimension by varrying s.

Better numerics
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Continuum description

A
Sildl = [ 560% + rotax

e Local operator spectrum has no stress tensor.
e 51[¢] lets observables be expanded in ¢ = 2s — d.
e Do this in fixed dimension by varrying s.

s = % S =S,
Ar | 4 d
Ay | 4| AR
Dgp | § | AF
Ay | 3¢ ”
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Protected operators
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Protected operators

k o O R TR (%)]
()71 () 1 (252)°

SIKIE 4

e We expect Ay = d—s
This was proven rigorously in [Lohmann, Siade, Wallace; 1705.08540] .
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Protected operators

N\ 2 3e—d d—c)3
k O k= Adr(d‘* )r(d4)3\k|§’+...
3d—3
U (3= T (%)
e We expect Ay = dgs at all loop orders due to nonlocality.

This was proven rigorously in [Lohmann, Siade, Wallace; 1705.08540] .

e In the usual Wilson-Fisher fixed point, 9%¢ = %qﬁ?
¢> is a descendant because 9? is a conformal generator.
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U (3= T (%)
e We expect Ay = dgs at all loop orders due to nonlocality.

This was proven rigorously in [Lohmann, Siade, Wallace; 1705.08540] .
e In the usual Wilson-Fisher fixed point, 9%¢ = %qﬁ?

¢> is a descendant because 9? is a conformal generator.
e Instead, our EOM is nonlocal: 0°¢ = %(b?

@3 is a primary constrained to have Ay = d;fs,
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Protected operators
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e We expect Ay = d—s
This was proven rigorously in [Lohmann, Siade, Wallace; 1705.08540] .
e In the usual Wilson-Fisher fixed point, 9%¢ = %qﬁ?
¢> is a descendant because 9? is a conformal generator.
; ) A
e Instead, our EOM is nonlocal: 0°¢ = ?¢3.

@3 is a primary constrained to have Ay = %.

Introduce a mean-field y at the short-range end to represent ¢°.
As00,x — Ayx0yuo will then represent 0¥ T, .
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Continuum description
1 A
Sildl = [ 560% + rotax
2 4!
e Local operator spectrum has no stress tensor.

e 51[¢] lets observables be expanded in ¢ = 2s — d.
e Do this in fixed dimension by varrying s.

s = % S =S,
Ar | 4 d
Dy | g 4 = AN
Ny | § AR
Ap | 3 | B==d-— K
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Continuum descriptions

A
Sildl = [ 560% + rotax

1
S2[o, x] = Ssrilo] + / Exa‘sx + goxdx

Local operator spectrum has no stress tensor.

S1[@] lets observables be expanded in ¢ = 2s — d.

Do this in fixed dimension by varrying s.

So[o, x] lets observables be expanded in § = 1(s, — s).
Do this with conformal perturbation theory.

S = % S = Sk
Ar | 4 d
AV % d—s: = AgR’
Np | § AR
Ny | 3 | He==d-— 5K
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Continuum descriptions

A
Sildl = [ 560% + rotax

1
S2[o, x] = Ssrilo] + / Exa‘sx + goxdx

Local operator spectrum has no stress tensor.

S1[@] lets observables be expanded in ¢ = 2s — d.

Do this in fixed dimension by varrying s.

So[o, x] lets observables be expanded in § = 1(s, — s).
Do this with conformal perturbation theory.

s = % S = S«
Ar | A7 | 452 d
Ay | A | 4 9o = ASRI
Ngp | A | 4 AR
Np | A | 3 | H==4-AF
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Unprotected operators
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Unprotected operators
22 d+2
T = ki k,
(")
. O . P Am)d2r (1) (
rErG+2)r(%)
d

4
M(95) T (g +e+2)T (%)
Dimension at two loops, [cs; 1810.07199]
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Ar= )<
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Unprotected operators
22 d+2
T = ki k,
(")
. O . P Am)d2r (1) (
rErG+2)r(%)
d

4
M(95) T (g +e+2)T (%)
Dimension at two loops, [cs; 1810.07199]

d+4—c¢ 8 €
Ar= )(

2

— z O(&3
2 d(d 12 3) o)
Harder one was already known, [Fisher, Ma, Nickel; 72]

w2 (§) e (5)] 6o
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Unprotected operators

T — ki k
(n ) (g d
s (4m)dor (§+1)T
. & . <4r>

Dimension at two loops, [cs; 1810.07199]

d+4fsi 8 (f
2 d(d+2)\3

Harder one was already known, [Fisher, Ma, Nickel; 72]

Dy = ";6 = {vﬁ(l) -2y (Z) +9 <g>} (2)2 +0(e)

Dual expressions in 3D using bootstrap data, [cB, Rastelli, Rychkov, Zan; 1703.03430]

A1 = 342335+ 0(6%)
A, = AR 10.275 + 0(6?)

Ay = )2 + 0(e%)
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Aside
In free theory, ¢ x ¢ includes only [p@]n ¢ ~ @Oy, - .. awa%s.
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Aside

In free theory, ¢ x ¢ includes only [p@]n ¢ ~ @Oy, - .. ﬁwﬁz”qﬁ.
Consider trajectories in G(z,z) = |z|?2¢ (¢(0)¢(z, 2)p(1)p(0)).

G(z.2) = 1+ a")Ga,,(2.2)
n,t
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Aside

In free theory, ¢ x ¢ includes only [¢¢], e ~ ¢Oy, - .. 0,,0%"¢.
Consider trajectories in G(z,z) = |z|*2¢ (¢(0)¢(z, 2)#(1)p(00)).

— (0) -
G(z,z) = 1+ Z ( + ané ) GAH,HA&%“’Z(Z,Z)
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In free theory, ¢ x ¢ includes only [p@]n ¢ ~ @Oy, - .. 0“562%5.
Consider trajectories in G(z,z) = |z|?2¢ (¢(0)¢(z, 2)p(1)p(0)).

G(z.2) = 1+ a")Ga,,i(2.2)
n,t

+3° 06, 0(2.2) + 180G, o(2.2)
nt

+3 [a26a, 0002, 2) + 290} Gh, ,4(2.2)
nt

+'Y$;2z) E;z?GA,,M( Z)+§ ,(,e) 510426 ,,g,z(Z,?) +...
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In free theory, ¢ x ¢ includes only [p@]n ¢ ~ @Oy, - .. awa2"¢.
Consider trajectories in G(z,z) = |z|?2¢ (¢(0)¢(z, 2)p(1)p(0)).

G(z.2) = 1+ a")Ga,,i(2.2)

n,t
+3° 06, 0(2.2) + 180G, o(2.2)
nt
+3 [a26a, 0002, 2) + 290} Gh, ,4(2.2)
nt

(2,0

2 (0
+’7nf nZGAan(Z Z)+ r(1 ()

E'Ye) nfGAn[E( 2) 4+ ...



Duality for LRI Basic numerics Better numerics
0000000000080 00000000000 0000000000

In free theory, ¢ x ¢ includes only [p@]n ¢ ~ @Oy, - .. awa2"¢.
Consider trajectories in G(z,z) = |z|?2¢ (¢(0)¢(z, 2)p(1)p(0)).

G(z.2) = 1+ a")Ga,,i(2.2)

n,t
+3° 06, 0(2.2) + 180G, o(2.2)
nt
+ [ A7) G i(2.2) + 20500 Gh  o(2,2)
nt

+’Y£2z) E;z?GA,,M( ,2) + ,(,e) E%GAME( Z)|

2!

The double-log in direct channel is simply 7(5)12) Gy/2,0(2,2).
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In free theory, ¢ x ¢ includes only [p@]n ¢ ~ @Oy, - .. 0“562%5.
Consider trajectories in G(z,z) = |z|?2¢ (¢(0)¢(z, 2)p(1)p(0)).

G(z.2) = 1+ a")Ga,,i(2.2)
n,t

+3° 06, 0(2.2) + 180G, o(2.2)
nt

+Z[ A7) G i(2.2) + 20500 Gh  o(2,2)
nt

+’Y£2z) E,z?GA,,M( Z)+§ ,(,e) E,OzzGAMz( Z)|

The double-log in direct channel is simply 7(5)12) Gy/2,0(2,2).

Crossed version must give double-log in anvﬁga(o) G, nﬂ(z,i).
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Aside

A double-log is also a double-discontinuity defined by

1[f(z 2Miz) 4 f(z,e ¥z 2)]

dDisc [f(z,z)] = f(z,2) — 5
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Aside

A double-log is also a double-discontinuity defined by

dDisc [f(2,2)] = f(z,7) — % [F(z,272) + f(z, e 273)]

Full spectral density encoded in this [caron-Huot; 1703.00278] !
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A double-log is also a double-discontinuity defined by

dDisc[f(z,2)] = (2,2) ~ , [f(z,€"72) + F(z,e>"'2)

Full spectral density encoded in this [caron-Huot; 1703.00278] !

(25"
A () [y
//G£+d71,A+17d(sz)dD"5C[G( z)] |Z( )ld 2dZdZ
0 0
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As

Klnk from <UUUU> [El-Showk, Paulos, Poland, Rychkov, Simmons-Duffin, Vichi; 1203.6064] .
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1.2 | |

1.1 ¢ 1

1. ‘ ‘ ‘ ‘
0.50 0.52 0.54 0.56 0.58 0.60

Klnk from <UUUU> [El-Showk, Paulos, Poland, Rychkov, Simmons-Duffin, Vichi; 1203.6064] .
Island from (coo0o), (oo€e) , (€€€€): [Kos, Poland, Simmons-Duffin; 1406.4858] .
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Bootstrapping a four-point function
Identical scalar case:

<¢(X1)¢(X2)¢(X3)¢(x4)> — G(U, V)

- ]x12]2A¢|X34|2A¢

2 2 2 2
X{oX: XiaX
U= 12734 v = 14723

2 2 2 2
X13%24 X13X54

Better numerics
0000000000
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Bootstrapping a four-point function
Identical scalar case:

<¢(X1)¢(X2)¢(X3)¢(x4)> — G(U, V)

- ’X12’2A¢|X34’2A¢

2 .2 )
_ X10X34 _ X14%23
U=>"5"5% » V=755

X13%24 X13X54

Ansatz from the operator product expansion:

G(u,v) = Z)‘3¢¢OGO(“7V)
(@)
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Bootstrapping a four-point function
Identical scalar case:

G(u,v)
(o(x1)o(x2)(x3)(xa)) = 12220 | xza P55

2
_ X14X23

2.2
_ X12%X34
2.2 2 .2
X13%24 X13%24
Ansatz from the operator product expansion:

G(u,v) Z)‘3¢¢OGO(“7 v)

Z)‘¢¢O< ) ¢ Go(v, u)
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Bootstrapping a four-point function
Identical scalar case:

<¢(X1)¢(X2)¢(X3) (x4)> G(u V)

’X12’2A¢|X34’2A¢

2
_ X14X23

2.2
_ X12%X34
2.2 2 .2
X13%24 X13%24
Ansatz from the operator product expansion:

G(u,v) Z)‘3¢¢OGO(“’ v)

Z)‘WO( ) ¢ Go(v, u)

Crossing equation with >‘¢¢O > 0 by unitarity:

Z )\éd,@ [VA“> Go(u, v) — uP? Go(v, u)} =0
]

bLLL r numerics
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Bootstrapping a four-point function
Identical scalar case:

G(u,v)
x1)P(x2)o(x3)d(x.
<¢( )¢( )¢( ) ( 4)> ’X12’2A¢|X34’2A¢
_ X122X324 v — X124X23
= , =
X123X224 X123X224

Ansatz from the operator product expansion:

G(u,v) = Z)\é(bOGo(u,v)

Z)‘WO( ) ¢ Go(v, u)

Crossing equation with >‘¢¢O > 0 by unitarity:
> Abso [V% Go(u, v) — u Go(v, u)} =0
o

F|nd pOS|t|Ve fu nCtiona| [Rattazzi, Rychkov, Tonni, Vichi; 0807.0004] !
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Bootstrapping many four-point functions

If we define
AR AGA BB AGA
Fig =v 2 Gn” “(u,v) £ u 2 Gy “(v,u),

the single correlator crossing equation is

S0P ) =0
(@]

Better numerics
0000000000



Duality for LRI Basic numerics Better numerics
0000000000000 00008000000 0000000000

Bootstrapping many four-point functions

If we define
.. 2,,2 Ak+A 2,72
F’:kOI—V OJ k/(U, V):l:U GOJ M(V,U),

the single correlator crossing equation is
ZAMOFM 99(u,v) = 0
Mixed correlator like (pp®®P) gives three equations:
Z MooF % (u,v) =0

Z A0 Xo00F % P (u,v) + Y (~1) N0 FP 8 (u,v) = 0
o 0

Y AssoreooFLE T (u,v) = D (—1) NeoF 6 (u,v) =0
0 o
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Bootstrapping many four-point functions

FI( A,,,Ak/ AIHAM

the single correlator crossing equation is
ZAMOFM 99(u,v) = 0
Mixed correlator like (pp®®P) gives three equations:
Z MooF % (u,v) =0

Z A0 Xo00F % P (u,v) + Y (~1) N0 FP 8 (u,v) = 0

0 o
Y AssoreooFLE T (u,v) = D (—1) NeoF 6 (u,v) =0
0 o

Rule out solutions with SDPB  [simmons-Duffin; 1502.02033] .
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(ocooo) , (ooee) , (eeee) with At > 3,3.1,3.2 etc.
Red region should move right by =~ 5%.
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3.
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(coo0), (ooee) , (eeee) with A1 > 3,3.1,3.2 etc.
Red region should move right by =~ 5%.
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<116}
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(ocooo) , (ooee) , (eeee) with At > 3,3.1,3.2 etc.
Red region should move right by =~ 5%.
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50 051 052 053 051 0.
A,

With three correlators, we can see y decouple at the SRI point.
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7 , , , , , ,

With three correlators, we can see y decouple at the SRI point.
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With three correlators, we can see y decouple at the SRI point.
Should really include (ocoxx), (eexx) , (XX XX)-
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The shadow relation

Nonlocal EOM y = gd°c expands to
ny(s)oly) ,

| ’d+s

m(s)x(x) =
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The shadow relation

Nonlocal EOM x = gd°c expands to

n(s)x(x) = |na(5) 15{1 dy

Relate 3pt fUnCtions W|th SymanZik: [Paulos, Rychkov, van Rees, Zan; 1509.00008]
A120 N A12x
[x10|B0 TB12 | xp0 | Ao —B12|xp5 | A1HB2 = B0 [x10|AXFA12 | 30| Ax ~B12 | xqp | A1HA2—Ax
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The shadow relation

Nonlocal EOM x = gd°c expands to
ny(s)o(y)

ny(s)x(x) = Tx— yla+e dy
Relate 3pt fUnCtions W|th SymanZik: [Paulos, Rychkov, van Rees, Zan; 1509.00008]
A2o — A2y
10|57 712 [0 | Bo — A1z [xpz |B1 782 B [x10|2X 12 x| BX B2 |, [B1 72 Bx

Do this twice to cancel the norms

/\12X _ ng(s) R12 )\34X _ ng(s) R34
)\120' nx(s) )\340 nx(s)
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The shadow relation

Nonlocal EOM x = gd°c expands to
ny(s)o(y)

ny(s)x(x) = Tx— yla+e dy
Relate 3pt fUnCtionS W|th SymanZik: [Paulos, Rychkov, van Rees, Zan; 1509.00008]
A120 — A12x
[x10|B0 TB12 | xp0 | Ao —B12|xp5 | A1HB2 = B0 [x10|AXFA12 | 30| Ax ~B12 | xqp | A1HA2—Ax

Do this twice to cancel the norms

)‘12X _ ng(s) R12 )\34X _ ng(s) R34
)\120' nx(s) )\340 nx(s)

Result for (o (xo)d1(x1)p2(x2)):
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The shadow relation
Nonlocal EOM y = gd°c expands to

SHON| Mdy

Relate 3pt funCtionS W|th Symanzik: [Paulos, Rychkov, van Rees, Zan; 1509.00008]
A2y

>\120
[x10|20 T812 | xp0 [Bo =812 |xp5 [B1FB2—Ag = [x10| AXFA12 | 300 | Ax ~B12 | xpp | A1FA2— Bx

Do this twice to cancel the norms

)‘12X i ng(S) >‘34X N ng(s)

Moo m(s) 0 Aaae m(s)

Result for (o(x0)o(x1)Opuy...p, (32)):
A G G
g AT

( 0+A12+f) r (Ag—2A12+i)
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The shadow relation
Nonlocal EOM y = gd°c expands to

(s ) = | mdy

Relate 3pt funCtionS W|th Symanzik: [Paulos, Rychkov, van Rees, Zan; 1509.00008]
A12o A2y
[xt0] 27 7512 [0 B —B12 g [ A1 782 =B = Txt0 | BX TB12 [ | Bx — A12 g | A1 782~ Bx

Do this twice to cancel the norms

)\12)( o HU(S) )\34X _ na(s)

Mg x(s) P N ny(s) 3
Result for (o(x0)P(x1)Opy...pp (%2)):
(B — ) (2etput ) (2upait)
rAa)r (Av+2A12+f) r (Ag—2A12+£)

Embedding space treatment of conformal integrals [Simmons-Duffin; 1204.38904] .

d
2

R12:7T
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The shadow relation
Interesting choiceis 1 =0,2=¢ 3=y and 4 =e.

Roe
)\g-xe = Riﬂ)\acre)\xxe
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The shadow relation
Interesting choiceis 1 =0,2=0,3 =y and 4=0.

RO'O
Agx@ = RxO )‘UU(’)/\XXO
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The shadow relation
Interesting choiceis 1 =0,2=0,3 =y and 4=0.

RO'O
/\U — AgoOA
xO — Ryo O \xxO

For even spin, work with superblocks instead of individual

AU<7(9>‘XXO G(%O( ) and )‘crx(’)GAXG’AGX(Ua V)'

d R,
Go(u,v) = Goo(u v) + Vatat: RUO GgX“’A"X(u, v)
xO
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The shadow relation
Interesting choiceis 1 =0,2=0,3 =y and 4=0.

RO'O

AO’
X0 = R0

)\O'O'O AxxO

For even spin, work with superblocks instead of individual
Ay, Aq
Moo A0 G (U, v) and A2 G X727 (u, v).

d R,
Go(u,v) = Goo(u v) + Vatat: RUO GgX“’A"X(u, v)
xO

For odd spin, Ape0 = Ayyo = 0 but A\, 0 # 0.
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The shadow relation
Interesting choiceis 1 =0,2=0,3 =y and 4=0.

RO'O

/\a — AgoOA
xO — Ryo O \xxO

For even spin, work with superblocks instead of individual
Ay, Aq
Moo A0 G (U, v) and A2 G X727 (u, v).

d R,
Go(u,v) = Goo(u v) + Vatat: RUO G(,%X“’A"X(u, v)
xO

For odd spin, Ape0 = Ayyo = 0 but A\, 0 # 0.

_ N\ 2 — —
RUO B r(d §+£) r(d 2A3+A+Z)r(2Ag C21+A+€)

- 2 _ —2A,—
Ryo r(%) |—(2A02A+£)|—(2d 2A2(, AH)
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The shadow relation
Interesting choiceis 1 =0,2=0,3 =y and 4=0.

RO'O
/\(7 — AgoOA
xO — Ryo O \xxO

For even spin, work with superblocks instead of individual

AUJO>‘XXO G(%O( ) and )‘crx(’)GAXJ’AGX(ua V)'

d R,
Go(u,v) = Goo(u v) + Vatat: RUO G(,%X“’A"X(u, v)
xO

For odd spin, Ape0 = Ayyo = 0 but A\, 0 # 0.

Roo T (£54)"T (“20giast) (2eeginst)
- 2 _ _ _
RX(’) r (%) r (2A02A+£) r (2d 2A20 A—i—f)

If the dimension of [ox], ¢ ever moves away from the pole,
OPE coefficients must jump to zero.
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A,

Interesting structure near MFT.
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A,

Interesting structure near MFT.

Region further splits into lobes after a higher precision scan.
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1.7 ¢

1.6t

1.5}

1.4 |

To improve this region, use superblocks and impose another gap:
A1 € {3.1} U (4.5,00) instead of At € (3.1,00).
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Future improvements

SDPB requires “positive-times-polynomial” form for each block:

11 m,n
oro6as(3.5) = xl@F"()
ecA

YT e
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Future improvements

SDPB requires “positive-times-polynomial” form for each block:
man 11 (m,n)
0707 G 29 = XZ(A)Pz ()

ecA

[Th1(A = A)

Fine for superblocks: all single poles below unitarity bound v'.

xe(Bd) =
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ecA

[Th1(A = A)

Fine for superblocks: all single poles below unitarity bound v'.
One also needs orthogonal polynomials for stability:

xe(Bd) =

O A0
/A q; " (A)a, (A)xe(A)dA = b
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Future improvements

SDPB requires “positive-times-polynomial” form for each block:

11 m,n
020fGas (303) = WO
ecA

[Th1(A = A)

Fine for superblocks: all single poles below unitarity bound v'.
One also needs orthogonal polynomials for stability:

xe(Bd) =

o0
/A a2 (8)g(A)x(B)dA = 5

Impossible for superblocks: A =d + ¢+ 2n > Ap,, singularity X.
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Future improvements

lim Arr0A0
t-2k+1 (A —d — ¢ — 2n)?

We only know dimensions of protected operators so far.

)\g_xo WOUld be usefu| too [Beem, Rastelli, van Rees; 1304.1803] .

e Try continuous-spin representations Kravchuk, Simmons-Duffin; 1805.00098] .
y

Alternative solvers could allow superblocks without a discrete grid.

External spinning operators could lead to more kinks and islands.
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Future improvements

lim Aoo0da0
t-2k+1 (A —d — ¢ — 2n)?

We only know dimensions of protected operators so far.

)\g_xo WOUld be usefu| too [Beem, Rastelli, van Rees; 1304.1803] .

e Try continuous-spin representations Kravchuk, Simmons-Duffin; 1805.00098] .
y

Alternative solvers could allow superblocks without a discrete grid.

External spinning operators could lead to more kinks and islands.
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